V oting power indices enable the analysis of the distribution of power in a legislature or voting body in which different members have different numbers of votes. Although this approach to the measurement of power has been known for a long time, its application to large games has been limited by the difficulty of computing these indices. This paper presents a new method for computing power indices that combines exact methods with an approximate method due to Owen. This method is of most utility in situations where the number of players is large and the voting weights are concentrated in the hands of a small number of members.
Introduction
Many organizations have voting systems that are designed to give different amounts of influence to different members. For example, joint stock companies give each of the shareholders votes in proportion to their ownership of stock. Similarly, many international economic organizations (including the International Monetary Fund (IMF) and World Bank) give each member country a number of votes based on its financial contribution. Many political bodies (including the European Union Council of Ministers and the U.S. Presidential Electoral College) assign votes based on the populations of the represented countries or states.
In these kinds of voting systems, the distribution of actual voting power is often quite different from the nominal distribution of voting weights. For example, consider the original Council of the European Economic Community. Between 1958 and 1972 , it had six member countries and used a system of qualified majority voting that allocated four votes each to France, West Germany, and Italy; two votes each to Belgium and The Netherlands; and one vote to Luxembourg. From these figures, one might think that the smaller countries had a disproportionately large amount of power. For example, Luxembourg had one vote for 310,000 people, while West Germany had one vote for every 13,572,500. In fact, because the number of votes required for a decision was fixed at 12, it was impossible for Luxembourg's one vote to ever change the outcome of a vote.
Power indices have been developed to measure the ability of members to influence voting outcomes. The classic examples of power indices are those proposed by Shapley and Shubik (1954) and by Banzhaf (1965) , both of which have been widely applied. Both indices measure how likely it is that a member can add his votes to those of a losing coalition so that it wins, but they differ in the way that such coalitions are counted. These power indices and others are surveyed by Straffin (1994) , Felsenthal and Machover (1998) , Lucas (1983) , and Leech (2002a) . These indices have recently received significant attention with the examination of voting structures of the European Union Council of Ministers and the IMF (see Felsenthal and Machover 2001; Leech 2002b, c) . Applications to shareholder voting in British companies are described in Leech (1988 Leech ( , 2001 ).
This paper is concerned with the computation of the Shapley-Shubik and Banzhaf power indices when
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there are a large but finite number of players. Large voting games are common. For example, the IMF had 182 members in 2002 and a typical publicly traded company has many thousands of shareholders. In these large voting games, power indices typically cannot be exactly computed and one must resort to simulation methods or the approximate methods like those of Owen (1972 Owen ( , 1975 . However, the simulation methods may require a great deal of computation and the approximate methods may lead to large errors, particularly, when voting weights are concentrated in the hands of a few players (see §6 or Widgren 2000 for examples). This paper proposes a new method that combines direct methods with Owen's approximation, and allows one to control the trade-off between accuracy and computational effort. This method has been used to compute power indices for large voting bodies in Leech (2001 Leech ( , 2002a , including some with more than 400 players.
The Shapley-Shubik and Banzhaf power indices are defined in §2. Section 3 reviews methods for computing power indices and their limitations. Section 4 describes the approximate methods for large games due to Owen. Section 5 describes the new method. Two numerical examples are presented in §6 and §7 concludes.
Power Indices: Notation and Definitions
Consider a weighted voting game with n players represented by a set N = 1 n whose voting weights are w 1 w n . The players are ordered by their weight representing their respective number of votes, so that w i ≥ w i+1 for all i. Coalitions are subsets of players T ⊆ N and the combined voting weight of such a coalition is w T = i∈T w i . The decision rule for the voting game is defined in terms of a quota, q, such that a coalition T voting for a proposal wins if w T ≥ q and loses if w T < q. It is customary to impose the restriction q > w N /2 to ensure a unique decision in each vote.
A power index measures the ability of a player to determine the outcome of a vote, and is defined in terms of the number of times that a player can "swing" the decision by transferring his vote to a coalition that is losing without him but wins with him. Formally, a swing for player i is defined as a pair of subsets T i T i + i such that T i is losing but T i + i is winning. In terms of voting weight, T i is a swing if q − w i ≤ w T i < q.
The power indices measure the likelihood that a player will swing the vote in a model in which, in some sense, coalitions are randomly formed. The Shapley-Shubik index is the probability that i swings (or is "pivotal" in the terminology of Shapley and Shubik) if all orderings of players are equally likely. Imagine listing all n! possible orderings of N players and proceeding through one of these orderings sequentially, assuming that each player, in turn, votes in favor of the proposal. Player i is "pivotal" if, in this sequence, he casts the vote that puts the vote total at or over the required quota. The set of players preceding i in this sequence defines a set T i , where i can cast a swing vote. Each such set T i would appear t! n − t − 1 ! times in the list of all orderings, where t is the number of members of T i and n is the number of players; t! is the number of orderings of T i and n − t − 1 ! is the number of orderings of N − T i − i , the complement of T i , excluding player i. The Shapley-Shubik index i weights these swing sets T i by the number of ways this ordering can appear, dividing by the total number of possible orderings
If all orderings are equiprobable, i is the probability that i casts the winning vote. Note that these probabilities must sum to one, as somebody must cast a winning vote in each ordering. In contrast to the Shapley-Shubik index, the Banzhaf indices treat all coalitions as equally likely, players being arranged in no particular order. The nonnormalized Banzhaf index (or Banzhaf swing probability) for player i is the number of swings for that player divided by the total number of coalitions of other players. The number of swings is T i 1 and the total number of coalitions, which do not include i is 2 n−1 . The Banzhaf index is, thus,
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and can be interpreted as the probability that player i casts a swing vote, assuming all players are equally likely to vote for or against a proposal. These probabilities need not sum to one as there may be scenarios where no one player could change the decision as well as others, where multiple players could do so. The normalized Banzhaf index i normalizes these indices so they total one:
This can be interpreted as a relative measure of the players' voting powers.
Computing Power Indices
Several methods are available for computing the Shapley-Shubik indices, with simple modifications for the Banzhaf indices. The simplest approach is direct enumeration, which consists of applying the basic definitions of the indices by searching over all possible coalitions and counting swings using Equations (1) and (2). This method is straightforward but time consuming. Because the number of subsets of set N is 2 n , evaluating the Shapley-Shubik and nonnormalized Banzhaf indices for a player by using this method requires a computational effort on the order 2 n . Calculating the indices for all players has complexity of order n2 n . This method takes 5 seconds to compute the indices for games with 22 players and 85 seconds for games with 26 players.
1 The computation time approximately doubles with each additional player and, thus, using this system, it would require about 90 years to calculate indices for a game like the electoral college that involves 51 players. Mann and Shapley (1960) proposed using Monte Carlo simulation methods for computing ShapleyShubik indices and applied this method to analyze the electoral college. In this approach, one randomly generates voting outcomes and estimates the indices (as probabilities) by counting the number of times the players swing or are pivotal. This method can be applied to games of any size, but, like all simulation methods, the results are subject to sample error and it may require many samples to determine the indices with the desired level of accuracy. Mann and Shapley (1962) proposed an alternative exact method of calculating Shapley-Shubik indices that uses generating functions. This method requires computational time on the order of Cn 2 , where C is the number of possible vote totals (Bilbao et al. 2000) . For games where every player has the same voting weight, there are n + 1 possible vote totals. For weighted voting games, where each player has a unique weight, the number of possible vote totals may be 2 n . This method may be practical for mediumsized games in which many players have similar voting weights. Mann and Shapley (1962) used this method to compute Shapley-Shubik indices for the electoral college. The method was extended to the Banzhaf indices by Brams and Affuso (1976) and is discussed in Lucas (1983) , Lambert (1988) , Bilbao et al. (2000) , and Leech (2002d) . The method has not yet been applied to games larger than the electoral college. Owen (1972 Owen ( , 1975 describes methods for computing the power indices exactly based on the multilinear extension (MLE) of a game. These exact calculations have the same complexity issues as direct enumeration and, hence, can be used only for small games. The method does, however, provide the basis of an approximation method that has been successfully used with large games. The method proposed in this paper is based on Owen's approximation, which is described in detail in the next section.
Owen's Approximate Method
Expression (1) for the Shapley-Shubik index can be rewritten by noting that the term inside the summation is a beta function:
The integrand on the right-hand side of (4), x t 1−x n−t−1 , can be interpreted as the probability that the coalition T i votes for the proposal and N − T i − i
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votes against the proposal, where x is the probability of any player voting for a proposal. Summing this expression across all swings gives the probability of a swing for i. Let us call this probability f i x :
Integrating x out of (5) gives the Shapley-Shubik index, because substituting (4) into (1) gives
Thus, we can evaluate the Shapley-Shubik index by integrating f i x . The Banzhaf index is given by f i (0.5) because (5) reduces to the definition of the Banzhaf swing probability in this case. Assuming each player votes the same way as i with probability x, independently of the others, we can define a random variable v i x that counts the number of votes cast by others on the same side as i. Its first two moments are
where h T = i∈T w 2 i is the sum of squared weights. In large games with many small weights and no large weights, v i x will be approximately normally distributed and the desired swing probability
can be obtained approximately using the normal distribution function, · by evaluating the expression
The Banzhaf index is approximated by setting x = 0 5 in (8) and the Shapley-Shubik index is approximated by numerically integrating out x in (8).
The complexity of this method is linear in the number of players. The calculations for the ShapleyShubik and nonnormalized Banzhaf indices for a player depend on the number of players only through the statistics w N and h N , which need only be calculated once because they are common to all players. The normalized Banzhaf indices require all indices to be simultaneously found to determine the normalizing constant. This simultaneous calculation still has linear complexity because the statistics w N and h N are common for all players.
A Combined Method for Large Games
For games where n is too large for the direct methods to be feasible and with votes concentrated in the hands of a few, we can combine the essential features of both approaches. In this approach, the players are divided into two subsets: (1) Major players with the largest weights M = 1 2 m , and (2) minor players N − M. This combined method treats the major players using enumeration as in the direct approach, but treats minor players using Owen's approximate technique. Larger values of m will improve accuracy but increase computation time.
Consider the computation of the indices for a major player, i ∈ M. To determine the swing probability, we will search across all subsets S of M that do not include player i. As before, let f i x be the swing probability given a probability x that each member votes for the proposal. This probability can be written as
where p S x = x s 1 − x m−s−1 is the probability of subset S of M-i voting for the proposal (s is the number of elements in S and g i S x is the probability of a swing for player i given that set S has voted for the proposal. To find g i S x , define the random variable v i x = j∈N −M v j , where v j represents the random number of votes cast by the minor players on the same side as i. The mean and variance of v i are
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Using these moments and the normal approximation to the distribution of v i x , we can approximate the required probability as before:
Therefore, we can write
The approximate Shapley-Shubik index is then
which can be found by searching across all subsets of M − i , integrating out x by numerical integration for each subset then summing. The Banzhaf index i is obtained from (10) by setting x = 0 5 instead of integrating it out, then summing to give i = f i 0 5 . To calculate the indices for a minor player rather than a major player, we must consider all subsets of M (rather than just the subsets of M − i , and we must not include the contribution of the minor player i in the means and variances used in (9),
Examining these calculations, it is clear that one can compute indices for both major and minor players in a single search across the subsets of M. For each player i, the calculations in (9) must be done for each subset S of M, resulting in a complexity of the order 2 m ; the means and variances required for (9) do not depend on S and can be calculated only once. To calculate indices for all players, one only needs to search across subsets once, but must calculate indices for each player for each subset, resulting in a complexity on the order of n2 m .
Two Examples
This section describes the results of using the combined method in two examples. The first is an analysis of the electoral college and the second is the IMF Board of Governors.
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The U.S. Presidential Electoral College. between m = 0 and m = 20. Here, we see that the errors from the Owen MLE approximation method m = 0 are substantial. In all cases, the errors are reduced as m increases and, when m ≥ 10, the relative errors are negligible.
To get a similar level of accuracy with Monte Carlo simulation, we would need a large number of trials. For example, with a true Shapley-Shubik index of = 0 02, a 95% confidence interval would be approximately ±2 1 − /k 0 5 in width, where k is the number of trials. To achieve a relative accuracy of ±1% (or absolute accuracy of ±0 01 × 0 02 with this and confidence level, it would require consideration of approximately 1,962,000 trial scenarios. In contrast, the combined method with m = 10 requires considering a total of 2 10 = 1,024 scenarios. With m = 5, only 2 5 = 32 scenarios are considered. Using the author's program mmle on the system described in Footnote 1, these computations required less than 1 second for m = 0 and 5, 4 seconds for m = 10, 15 seconds for m = 95, and 3,048 seconds for m = 20. The IMF Board of Governors. In 1999, the IMF's Board of Governors contained 178 member countries. Voting weights (based on each nation's financial contribution) are shown in Table 2 for selected countries. Here, we see that the United States, with a weight of 17.55%, has a voting weight almost three times that of the second largest member, Japan, who has a weight of 6.30%. Approximate power indices for these selected countries were calculated using a variety of values of m, assuming a simple majority-voting rule (q = 50% . The results are summarized in Table 2 . Because this game is too large to be analyzed exactly, the relative errors in the table are calculated taking the values given by taking m = 15 as a proxy for the exact values.
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Here, we see that the results for Owen's method m = 0 are inaccurate, particularly for the Banzhaf indices. This is not surprising as the large voting weight for the United States leads the normal approximation in (8) or (9) to be not terribly accurate. The errors rapidly diminish as m increases and the largest voting members are treated exactly. For more discussion of this example, see Leech (2002b) .
Conclusion
This paper develops a new method for computing power indices for large voting games. The method is a hybrid between the direct application of the definitions of the indices, which are feasible for only small games, and approximation methods due to Owen where the accuracy of the approximation may be limited when voting weights are concentrated. By treating a small number of members with large weights differently from the minor members, the new method achieves a significant reduction in approximation error with little computational effort.
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